Chapter 4 Selected Problem Solutions

Section 4-2

oo

41, aP(l<X)= je”‘a’x =(-e™)

1°° —e¢'=0.3679

2.5
b)P(< X <2.5) = j e*dx = (—e ™)

1

=e¢ ' - =0.2858

2.5
1

3
c)P(X:3)=je-de=o
3
p 4
) P(X <4)=[edx = (—¢™)| =1-€*=0.9817
0
) PB< X) = [ed=(—¢)| =€ =0.0498
3
tx x’ ! 4? 32
43 a)P(X<4)=j§abc=E = = 0.4375, because f, (x) =0 forx <3.
3 3
Tx 2 52-35
b),P(X >3.5) = j—dx:— =2 "2 —0.7969 because f,(x)=0 forx> 5.
3.58 16 3.5 16
Tx x Tos g
c)P(4<X<5)=J—a’x:— = =0.5625
’8 16|,
45 P 4.5 2 2
d) P(X <45)= [Zdv="" _ 4523 7031
187 16, 16
v i 2 X7 52-asr 352-3
&) PIX>45)+P(X <35)= [Zdx+ [Sdv="] +7] =2 4= =0.5.
58 18 16, 16|, 16 16

4-9 a)P(X<2.250r X>2.75)=P(X <2.25)+ P(X >2.75) because the two events are
mutually exclusive. Then, P(X <2.25) =0 and

2.8
P(X>275)= [2dx=2(0.05)=0.10.

2.75

b) If the probability density function is centered at 2.5 meters, then f, (x) =2 for
2.25 <x<2.75 and all rods will meet specifications.

Section 4-3

4-11. a) P(X<2.8) =P(X £2.8) because X is a continuous random variable.
Then, P(X<2.8) =F(2.8)=0.2(2.8) = 0.56.
b) P(X >1.5)=1-P(X £1.5)=1-0.2(1.5)=0.7



¢) P(X <-2)=F,(-2)=0
d) P(X >6)=1-F,(6)=0

4-13.  Now, fx (x) = ¢ * for 0 <x and FX(x)z_[ Tdx=—e"" Z =l-e
0
0,x<0
for 0 <x. Then, F, (x) =
I-e",x>0

421 F(x)=[0.5xdx =257 =0.25x" for 0 <x <2. Then,
0

0, x<0

F(x)=:025x*, 0<x<2

1, 2<x

Section 4-4

5
425, E(X)= jx%dx
3

5
y - (x—4.083)" Tdx = [ x* 3dx —4.083°
3 3

5

—4.083% =0.3291

4
X

32|,

600 120
427, a) E(X):J.x—dx 6001n x| ”’ =109.39

100

120 600 120
V(X)= f(x 10939)2 dx = 600{1 200939 | 100397

100 100

120

=600(x —218.78Inx —109.39>x™") |*' =33.19

100

b.) Average cost per part = $0.50%*109.39 = $54.70



Section 4-5

4-33.  a) f(x)= 2.0 for 49.75 < x < 50.25.
E(X) = (50.25 + 49.75)/2 = 50.0,

2
v = 3025 1249.75)

=0.0208, and o =0.144.

b) F(x)= J2.de for 49.75 < x < 50.25. Therefore,

49.75

0, x<49.75
F(x)=42x-99.5,  49.75< x <50.25

1, 50.25<x

¢) P(X < 50.1) = F(50.1) = 2(50.1)=99.5 = 0.7

435 E(X)= (15;222) — 1.85min
2
rx)=22=19" _ 0408 min
12
r 1 [ 2
b) P(X <2)=|——dx=]0.7dx=0.7x|,. =0.7(.5) =0.7143
) X ) IJ_;(2.2 —-1.5) IJ_; |1'5 -5)
X 1 X .
c)F(X)= J.—dx = J.O.7dx = O.7x|i , for 1.5 <x<2.2. Therefore,
2s(2.2-1.5) s ‘
0, x<I.5
F(x)=107x-2.14, 1.5<x<22
I, 22<x
Section 4-6

4-41 a)P(Z<1.28)=0.90
b) P(Z<0)=0.5
c)IfP(Z>2)=0.1,then P(Z<2z)=0.90 and z=1.28
d) If P(Z>2z)=0.9, then P(Z<z)=0.10 and z=—1.28
e)P(-1.24<Z<2)=P(Z<z)-P(Z<-1.24)
=P(Z<z)—-0.10749.
Therefore, P(Z <z)=0.8 + 0.10749 = 0.90749 and z = 1.33



4-43.  a)P(X < 13)=P(Z < (13-10)12)
=P(Z<1.5)
=0.93319

b)P(X>9)=1-P(X<9)
=1 - P(Z < (9-10)72)

=1-P(Z<-0.5)

=1-[1-P(Z<0.5)]

=P(Z<0.5)

=0.69146.
=P(-2<Z<2)
=P(Z<2)-P(Z< -2)]
=0.9545.
=P(-4<Z<-3)
=P(Z<-3)-P(Z<-4)
=0.00135

e) P(-2 <X < 8) =P(X < 8) - P(X <-2)

—p Z<8—10 _p Z<—2—10
2 2

=P(Z <-1) - P(Z <—6)
= 0.15866.

4-51. a)P(X <45)= P[Z < 45;65 )

=P(Z<-3)
=0.00135

b) P(X > 65) = P(Z> 65_60)
=PZ>1)

= 1-PZ<1)
=1-0.841345
=0.158655

¢) P(X < x) = P(Z <2 _560 ) =0.99.

x—=60
Therefore, —5 =233 andx=71.6

4-55. a)P(X>90.3) +P(X <89.7)
_plzs 90.3-90.2 L pl 7 < 89.7-90.2
0.1 0.1
=P(Z>1)+ P(Z<-5)
=1-PZ<1)+P(Z<-5)



=1-0.84134 +0
=0.15866.
Therefore, the answer is 0.15866.
b) The process mean should be set at the center of the specifications; that is, at p = 90.0.

89.7-90 90.3-90
0.1

¢) P(89.7 < X < 90.3) = P( Z

=P(-3<Z<3)=0.9973.
The yield is 100*0.9973 = 99.73%

459, a) P(X > 0.0026) = P[ 5 0.0026 ~0.002 )

0.0004
=P(Z>1.5)
=1-P(Z<1.5)
=0.06681.
b) P(0.0014 < X <0.0026) = P w <7< w
0.0004 0.0004
=P(-1.5<Z<15)
=0.86638.
¢) P(0.0014 < X < 0.0026) = P(O‘OOM —0.002 _, _0.0026 -0.002 )
o o}
_ P(— 0.0006 _, _0.0006 )
o (o]

Therefore, P(z < 0'0006)= 0.9975. Therefore, 0006 =2 81 and & = 0.000214.

o

Section 4-7

4-67  Let X denote the number of errors on a web site. Then, X is a binomial random variable
with p =0.05 and n = 100. Also, E(X) =100 (0.05) =5 and
V(X) =100(0.05)(0.95)=4.75

=9 ]: P(Z >-1.84)=1-P(Z < —1.84)=1-0.03288 = 0.96712
5

P(X 21) EP(Z >

4-69  Let X denote the number of hits to a web site. Then, X is a Poisson random variable with
a of mean 10,000 per day. E(X)=A = 10,000 and V(X) = 10,000

a)
10,200 -10,000

4/10,000

=1-0.9772=0.0228

P(XZlO,ZOO)EP[ZZ J:P(ZZ2):1—P(Z<2)



Expected value of hits days with more than 10,200 hits per day is
(0.0228)*365=8.32 days per year

b.) Let Y denote the number of days per year with over 10,200 hits to a web site.
Then, Y is a binomial random variable with n=365 and p=0.0228.
E(Y)= 8.32 and V(Y) = 365(0.0228)(0.9772)=8.13

15-8.32

v8.13

=1-0.9904 = 0.0096

P(Y>15)EP(22 ):P(222.34):1—P(Z<2.34)

Section 4-9

4-77. Let X denote the time until the first call. Then, X is exponential and

_ 1 _ 1 .
A= 0 15 calls/minute.

=e? =0.1353

a) P(X >30) = j%e"’?dx ——e "

30 30
b) The probability of at least one call in a 10-minute interval equals one minus the
probability of zero calls in

a 10-minute interval and that is P(X > 10).

=23 =0.5134.

10
Therefore, the answer is 1- 0.5134 = 0.4866. Alternatively, the requested probability is
equal to P(X < 10)=0.4866.

x |10

©) PG< X <10)=—¢"

x| o

P(X >10)=-¢ "

=e -2 =0.2031

5

t

d)P(X<x)=090and P(X <x)=-¢e "

X

=1—¢'" =0.90. Therefore, x = 34.54

0

minutes.

4-79. Let X denote the time to failure (in hours) of fans in a personal computer. Then, X is an
exponential random variable and A =1/ E(X) = 0.0003.

oo

a) P(X > 10,000) = jo.ooo3e*x0-“°“3 dy=—e""|  =e7 =0.0498
10,000 10,000
7’000 7,000
b) P(X < 7,000) = j 0.0003¢ " dx=-¢™"""|  =1-¢7' =0.8775
0 0

4-81. Let X denote the time until the arrival of a taxi. Then, X is an exponential random
variable with A =1/E(X)=0.1 arrivals/ minute.



4-83.

4-87.

a) P(X > 60) = [0.1e M dv =~ = e =0.0025
60 60
10 10

b) P(X < 10) = J.O.le’o"xdx =—e " =1-e"=0.6321
0 0

Let X denote the distance between major cracks. Then, X is an exponential random
variable with A =1/E(X)=0.2 cracks/mile.

oo

=e? =0.1353

10

a) P(X > 10) = JO.2e’O'2xa’x =0
10

b) Let Y denote the number of cracks in 10 miles of highway. Because the distance
between cracks is exponential, Y is a Poisson random variable with A =10(0.2) =2
cracks per 10 miles.

-2A~2
¢ 2 02707

P(Y=2)=

¢) 0, =1/A =5 miles.

Let X denote the number of calls in 3 hours. Because the time between calls is an
exponential random variable, the number of calls in 3 hours is a Poisson random variable.
Now, the mean time between calls is 0.5 hours and A =1/0.5=2 calls per hour = 6 calls in
3 hours.

_ _ e’6’ 6 6" 6’ | _
P(X24)—1—P(XS3)—1—[ ol + T + o + 3 =(0.8488

Section 4-10

4-97.

4-101.

Let Y denote the number of calls in one minute. Then, Y is a Poisson random variable
with A =5 calls per minute.

5.4
¢35 01755
41

a)P(Y=4)=

e>5" 7’5 75
o 1! !
Let W denote the number of one minute intervals out of 10 that contain more than 2

calls. Because the calls are a Poisson process, W is a binomial random variable with n =
10 and p = 0.8754.

Therefore, P(W = 10) = (10)0.8754'°(1 - 0.8754)" = 0.2643

b)P(Y>2)=1- P(Y <2)=1- =0.8754.

Let X denote the number of bits until five errors occur. Then, X has an Erlang distribution
withr=5and A=10° error per bit.



a) E(X) = % =5x10° bits.

b) V(X) = % =5%10" and 0, =/5x10'° = 223607 bits.

¢) Let Y denote the number of errors in 10° bits. Then, Y is a Poisson random variable
with
A =1/10° =10 error per bit = 1 error per 10’ bits.

—ll() —lll

P(Y23)=1-P(Y<2)=1-|e 1€ e |0 0803

4-105. a) I'(6) = 5!=120
BT =3TG)=33 3
o I$)=1r@=13 )=187'"% =11.6317

16

Section 4-11

4-109. B=0.2 and 6=100 hours
E(X)=100T'(1+ 55)=100x5!=12,000

V(X)=100"T(1+ -2)-100°[T(1+ -L)]*=3.61x10"
0.2

0.2

4-111. Let X denote lifetime of a bearing. =2 and &=10000 hours
[mf
a) P(X >8000) =1-F, (8000) = ¢ \'*%
b)
E(X)=10000T"(1 +5) =10000T"(1.5)

=10000(0.5)'(0.5) = 5000+/7 =8862.3
=8862.3 hours
c¢) Let Y denote the number of bearings out of 10 that last at least 8000 hours. Then, Y is

a
binomial random variable with n = 10 and p = 0.5273.

P(Y =10) = (1)0.5273'°(1-0.5273)° = 0.00166.

= =0.5273

Section 4-12

4-117 X is a lognormal distribution with 6=5 and ®»’=9

a.)

P(X <13300) = P(e" <13300) = P(¥ < In(13300)) = cp(

1n(13330)—5)
3

=d(1.50)=0.9332
b.) Find the value for which P(X<x)=0.95



P(X <x)= P(e" <x)=P(W <In(x)) = q>[ ln(x; =3 ): 0.95

(D=5 165 x= o505 Z20952.2

U =EX)=e"""? =% =% =13359.7
V(X) — 629+w2 (ea)Z _1) — elO+9 (89 _1) — el9 e9 _1) :1.45X1012

4-119 a.) X is a lognormal distribution with 6=2 and o’=4

P(X <500) = P(e” < 500) = P(W < In(500)) = q)(%}

=®(2.11)=0.9826
b.)

P(1000 < X <1500
P(X <15000 X >1000) = L1000 < &' <1500)

P(X >1000)

[ q)[ In(1500) -2 )_ q)( In(1000) -2 )]
2 2
[ . q)( In(1000) -2 )]
2

_ ®(2.66)-Dd(2.45)  0.9961-0.9929
(1-®(2.45)) (1-0.9929)
c¢.) The product has degraded over the first 1000 hours, so the probability of it lasting
another 500 hours is very low.

=0.0032/0.007 =0.45

4-121 Find the values of 0and " given that E(X) = 100 and V(X) = 85,000



100

x = ‘\/‘_ 85000 — 629+a)2 (ew2 _1)
let x=e’and y = e® then (1100 = x\/; and (2) 85000=x"y(y—1)=x"y" —x"y

Square (1) 10000 = x> y and substitute into (2)
85000 =10000(y —1)

y=95
. . 100
Substitute y into (1) and solve for x x = —— =32.444
\9.5

0 = In(32.444) = 3.45 and > =In(9.5) =2.25

Supplemental Exercises

4-127. Let X denote the time between calls. Then, A =1/ E(X)=0.1 calls per minute.

5
=1-¢" =0.3935

0

5
a) P(X <5)= JO.le’O"xdx = ek
0

15
=e¢ % - =0.3834

5

b) PG< X <15)=—-""

¢) P(X < x)=0.9. Then, P(X < x)= jo.le*“-”dt =1—e"* =0.9. Now, x = 23.03
0

minutes.

4-129. a) Let Y denote the number of calls in 30 minutes. Then, Y is a Poisson random variable
3,0 34l 3,2
3 3 3
with x = . py<y="2 4,2, _043,
0! I! 2!
b) Let W denote the time until the fifth call. Then, W has an Erlang distribution with
A=01andr=>5.

E(W)=5/0.1 = 50 minutes

4-137. Let X denote the thickness.

a) P(X>5.5)= P Z>5'3—;5 = P(Z>2.5)=0. 0062

45-5 5.5-5
b) P4.5<X<55)= Pl —<Z<—
0.2 0.2
Therefore, the proportion that do not meet specifications is 1 — P(4.5 <X <5.5) =
0.012.

) =P (2.5<Z<2.5)=0.9876



4-139.

4-141.

4-143

x=5

¢) If P(X <x) =10.90, then P(Z > 0—2) =0.9. Therefore, al =1.65 and x =5.33.

If P(0.002-x < X < 0.002+x), then P(-x/0.0004 < Z < x/0.0004) = 0.9973. Therefore,
x/0.0004 = 3 and x = 0.0012. The specifications are from 0.0008 to 0.0032.

10,000—u 10,000— 1
If P(X>10,000) = 0.99, then P(Z> 450~ ) = 0.99. Therefore, — 450 =-2.33 and

1t=11398.

X is an exponential distribution with E(X) = 7000 hours
58000 4 x 7( 5800 ]
a) P(X <5800)= [ —ogg¢ dx=1-e 700 ) = 0.5633

0

1 _ X _ X
——e "0dx =0.9 Therefore, e 7°° =0.9
7000

and x = —70001n(0.9) = 737.5 hours

b) P(X > x) :T
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